The current data on solar and atmospheric neutrinos admit more than one solutions in terms of the oscillations between three neutrino species. We examine the consequences of these different masses-andmixing schemes for the observable spectra of neutrinos from the burst of a Type II supernova. We point out the distinguishing features of these schemes, and discuss the prospects of identifying the scheme from the spectra with minimal dependence on supernova models. We consider both the conventional and the inverted mass hierarchy patterns. We also estimate the earth matter effects on the spectra.
Introduction
The data on the solar and atmospheric neutrinos can be explained in terms of neutrino oscillations involving only three active neutrino species. The SuperKamiokande (SK) data on atmospheric neutrinos [1] indicate ν µ ↔ ν τ mixing with a mass squared difference ∆m 2 ∼ 10 −3 − 10 −2 eV 2 and a large mixing angle: sin 2 2θ ∼ 0.8 − 1.0. The solar neutrino data admit multiple solutions with a ν e mixing in the heavier neutrino states [2] . It can be explained by either of the two MSW solutions (with small and large mixing angle respectively), or by the "just so" vacuum oscillations. Thus, currently we have three schemes of neutrino masses and mixing that are consistent with the data. In this paper, we examine how the energy spectra of neutrinos from a Type II supernova are affected with these three scenarios.
Most of the energy from the supernova explosion is released in the form of neutrinos with typical energies of ∼ 5 -50 MeV. The neutrino emission can be divided in roughly two stages: the neutronization burst and the cooling phase. The neutrinos emitted during the neutronization burst are those produced by the electron capture on protons and nucleons while the shock front passes through the neutrinosphere, and hence consist of only ν e . The typical time scale of the burst is ∼ 10 msec. The neutrinos emitted during the cooling of the protoneutron star are produced mainly through the pair production process. These consist of neutrinos and antineutrinos of all species: ν e ,ν e , ν µ ,ν µ , ν τ ,ν τ . The cooling stage lasts for ∼ 10 sec. The number of neutrinos emitted during the neutronization burst is about two orders of magnitude smaller than the number of neutrinos emitted during the cooling phase. Detailed calculations of neutrino fluxes have been made in [3] .
The neutrinos undergo flavour conversions on their way out from the neutrinosphere through the mantle and the envelope of the star to the earth. The matter densities that they encounter vary over a wide range: from ρ > ∼ 10 10 g/cc near the neutrinosphere out to vanishingly small densities in the interstellar medium. For the typical supernova neutrino energies, these densities correspond to the MSW resonance densities for neutrino oscillations with ∆m 2 ∼ 10 4 eV 2 and below. Resonant flavour conversions can then take place for a large range of neutrino masses. For neutrino mixing corresponding to the solutions of solar and atmospheric neutrino anomalies, the neutrinos encounter their MSW resonance densities in the mantle of the star and the flavour conversions inside the resonance layers are significant [4, 5, 6, 7, 8, 9, 10] .
If the initial spectra of different neutrino species produced inside the supernova are different, the flavour conversions can be observed through the distortions of the final spectra observed at the earth. The theoretically calculated original neutrino spectra depend on the supernova model, this makes the task of disentangling the flavour mixing effects difficult. The spectra still have certain features that are model-independent. We shall examine what information about neutrino masses and mixing can be extracted from the data by using only these model independent features.
A supernova burst in our galaxy is expected to give rise to more than a few thousand events in the neutrino detectors within a few seconds [11] . With such a large amount of statistics, it would be possible to determine the direction of the supernova [12] , to reconstruct the energy spectra of ν e and ν e and to derive information about the spectra of the non-electron neutrinos -ν µ , ν τ ,ν µ ,ν τ [13] . These observations may be able to reveal the nature of neutrino masses and mixing, by distinguishing between different mixing scenarios [14] .
The paper is organised as follows:
In Sec. 2, we discuss the initial neutrino fluxes and the model independent features of their energy spectra. We also examine the adiabaticity during the flavour conversions of these neutrinos inside the supernova. In Sec. 3, we construct the generic level crossing scheme for the mixing among three neutrinos and calculate the final neutrino spectra. We also discuss the earth matter effects. In Sec. 4, 5 and 6, we examine the three scenarios which explain the solar and atmospheric neutrino anomalies,and explicitly state the features of the final neutrino spectra. In Sec. 7, we consider the inverted mass hierarchy pattern and its distinctive signatures. In Sec. 8, we discuss the signals of mixing and the possibility of being able to distinguish between different mixing schemes with minimal model dependence.
Neutrino fluxes and flavour conversions 2.1 Neutrino fluxes
We shall define the "original" neutrino fluxes as the fluxes that would have reached the earth in the absence of any neutrino mixing, and denote these by the superscript " 0 ". Let F 0 e and F 0 e be the original fluxes of ν e andν e respectively. The energy dependence is implicit in all the fluxes.
The "non-electron" neutrinos (ν µ , ν τ ,ν µ ,ν τ ) have the same interactions (only the neutral current) inside the supernova. Hence, their original fluxes are expected to be identical. Let us denote these four neutrino species collectively as ν x and let the original flux of each of them be F 0 x . Since ν e interact more strongly with matter than the other species (due to their charged current interactions), their effective neutrinosphere is outside the neutrinospheres of the other species and hence they have a lower average energy thanν e and ν x . Theν e also interact via charged current, but to a lesser extent, so their average energy is more than that of the ν e , but less than that of ν x .
The spectra of neutrinos from the cooling stage are not exactly thermal. Since the neutrino interaction cross-section increases with energy, even for the same species of neutrinos, the effective neutrinosphere radius increases with increasing energies. Then, even if the neutrinos at their respective neutrinospheres are in thermal equilibrium with the matter, the spectrum gets "pinched", i.e. depleted at the higher as well as the lower end of energies. If the temperature inside the supernova decreases with increasing radius and the density decreases faster than 1/r, it can be shown that the instantaneous spectra are pinched [15] . The pinching is thus a model independent feature of the original neutrino spectra. In the context of specific models, it has been confirmed by numerical simulations [16] .
One way to parametrize the pinched neutrino spectra is to introduce an effective temperature T i and an effective degeneracy parameter η i for each species i, such that
For a pinched spectrum, η i > 0. The value of η i is the same for all ν x species (neutrinos as well as antineutrinos, since they have the same interactions), and are in general different from η e or ηē. The value of η i need not be constant throughout the cooling stage. If η i = 0, (2) represents a FermiDirac thermal spectrum with temperature T i . In the case of a non-thermal spectrum, it should be noted that T i is just a phenomenological parameter, which is loosely called as "temperature".
From (1) and (2),
Typically, T e ≈ 3 − 4 MeV, Tē ≈ 5 − 6 MeV, T x ≈ 7 − 9 MeV, so that the average energies of the neutrinos are in the approximate ratio E 0 νe : E 0 νe : E 0 νx ≈ 2 : 3 : 5 [17] . The typical values of η i are η e ≈ 3 − 5, ηē ≈ 2 − 2.5, η x ≈ 0 − 2 [16] . These values, however, are model-dependent and we shall use them only as a guide. Only those features of the spectra that do not depend on any particular model will be used in our analysis.
Due to the flavour conversions on the way of the neutrinos from the star to the earth, the neutrino fluxes arriving at the earth are in general different from the original fluxes.
Let the fluxes of ν e andν e arriving at the earth be F e and Fē respectively. Due to the flavour transitions on the way, the fluxes of each of the non-electron neutrino (or antineutrino) may in general change by a different amount. But it is impossible to distinguish between these four species since their interactions with the detectors are identical. Therefore, only their total flux arriving at the earth is relevant. Let us denote it by "4F x ", such that in the absence of neutrino mixing, the average flux of each species is F x = F 0 x . Since the flavour conversions within the non-electron neutrinos cannot be detected from the observations of supernova neutrinos, the physical results do not change whichever linear combination of ν µ and ν τ (or their antineutrinos) we choose to work with. If ν µ ′ and ν τ ′ are such orthogonal linear combinations of ν µ and ν τ , the original flux of each of them is the same as F 0 x . Supernova neutrinos by themselves cannot give us any information about the extent of the ν µ ↔ ν τ mixing.
However, the neutrino signals (the total fluxes and the spectra) observed from the supernova are influenced by the mixing angle for the oscillations involving ν e orν e . The spectra of ν e and ν e can be observed separately through the charged current events. Though the neutral current events can only measure the total number of neutrinos above a threshold and are flavourblind, in principle, it is possible to determine the contribution to the neutral current events from ν e and ν e from their spectra observed through the charged current events if the cross sections of the interactions are known.
Flavour transitions and adiabaticity
Let us now study the matter effects on the neutrino flavour transitions taking place inside the supernova. Matter does not affect the mixing between non-electron neutrinos, so only the mixing between ν e (ν e ) and non-electron neutrino (antineutrino) is considered. We are concerned with the neutrino masses and mixing schemes which explain the solar and atmospheric neutrino data, so that the largest ∆m 2 is less than 10 −2 eV 2 . The neutrinos are produced in the region of high matter densities, where flavour mixing is suppressed:
where θ m is the effective mixing angle in the medium, θ 0 the vacuum mixing angle, G F the Fermi constant, E the neutrino energy and n e the electron number density. The neutrino eigenstates in the medium are then almost equal to the flavour eigenstates. On their way out through the mantle and the envelope of the star and further through the interstellar medium to the earth, transitions between flavour eigenstates take place. The transitions are pronounced in the regions where the neutrinos undergo resonant conversions. The resonant conversions occur in the resonance layer with the density given by
where m N is the mass of the nucleon and Y e is the electron fraction -the number of electrons per nucleon. The width of the resonance layer is ∆ρ res ≈ ρ res tan 2θ .
Using (5), The resonance matter density can be written as
Since we are in the range of ∆m
This region is outside the core of the star, and hence the transitions do not influence the dynamics of collapse or the cooling of the core. The r-processes, which occur at ρ > ∼ 10 5 − 10 6 g/cc, are also not affected. During the time of neutrino emission (t ∼ 10 sec), the shock wave can only reach layers with densities ρ > ∼ 10 6 g/cc. Therefore, the shock wave propagation does not influence the neutrino conversion. The density profile encountered by the neutrinos during their resonant conversions is almost static, and the same as that of the progenitor star. It varies approximately as r −3 [8, 16] .
In the cases of small mixing angles and ∆m 2 hierarchy,
so the resonances are well-separated. The interference effects between the two resonances can then be neglected. The transitions in the resonance layers can be considered independently, and each transition is reduced to a two neutrino transition. The transition probabilities between the neutrino eigenstates in the medium are then "factorized". The extent of transitions in each resonance layer is determined by the adiabaticity parameter γ:
such that the "flip" probability -the probability that a neutrino in one eigenstate in the medium jumps to the other eigenstate in a resonance layer -is
as given by the Landau-Zener formula [18] . Adiabatic conversions correspond to γ ≫ 1, so that the flip probability is very small. The Landau-Zener formula is valid for a linear variation of density in the resonance region and a small mixing angle θ. For an arbitrary density distribution and mixing angle, it gets modified to [19] :
where F is a function of the density profile and the mixing angle [19] . At low mixing angles and linear density variation in the resonance region, F ≈ 1 and (12) reduces to (11) . The adiabaticity holds when γF ≫ 1. Let us now investigate how well the adiabaticity holds inside a supernova. We take
as the density profile in the mantle. The electron fraction in this region is almost constant: Y e ≈ 0.42. Therefore,
The approximate adiabaticity condition (γ ≫ 1) can then be written as
In Fig. 1 , we show the contours of the flip probability P f at a resonance in the parameter space ∆m 2 − sin 2 2θ. To be specific, we have taken the model of a supernova with the density profile (13) in the mantle. The widths of the 5 MeV lines represent the shift in the contours when the density is doubled, keeping the same profile shape (r −3 ). It can be seen that the variation of the overall density scale thus does not affect P f significantly.
We also show the parameter ranges which explain the solar and atmospheric neutrino data. The dark region (ATM) corresponds to the solution of the atmospheric neutrino oscillations. SMA (small mixing angle), LMA (large mixing angle) and VAC (vacuum oscillations) correspond to the solutions of the solar neutrino anomaly. The horizontal band represents the parameter space for the ν e − ν 3 mixing. Since we have a ∆m 2 hierarchy, ∆m [21] .
In addition to the common solution (∆m 2 32 , sin 2 θ 23 ) of the atmospheric neutrinos, each of the three neutrino mixing solutions can be represented by two points in the figure: one point corresponding to (∆m 2 31 , sin 2 θ e3 ) and the other point corresponding to (∆m 2 21 , sin 2 θ e2 ). θ e2 and θ e3 here are the mixing angles such that U e1 = c 3 c 2 , U e2 = c 3 s 2 , U e3 = s 3 . We use c 2 ≡ cos θ e2 , s 2 ≡ sin θ e2 , c 3 ≡ cos θ e3 , s 3 ≡ sin θ e3 .
From the contours, it can be seen that the flip probability is very small for the LMA solution of the solar neutrinos: the ν e ↔ ν 2 transitions are adiabatic in this case. For the SMA solution, the flip probability is smaller for neutrinos with a lower energy, but it is still significantly positive in most of the allowed parameter range. The ν e ↔ ν 2 transitions are not completely adiabatic and the transition probability depends on energy. For ∆m 2 < ∼ 10 −7 , the corresponding resonance densities may lie near the outer edge of the mantle or in the envelope of the star. The approximation of a r −3 density profile then may not be valid. Since the only solution of solar neutrinos in this ∆m 2 range is the vacuum oscillations with maximal mixing, there is no matter induced resonance and we do not need the details of this change in the density profile.
The contours of P f divide the ∆m 2 31 band into three regions. In region I, sin 2 2θ is high enough so that the transitions are adiabatic for all the neutrinos with the energy upto 50 MeV. In region III, the transitions are non-adiabatic for all neutrinos with the energy more than 5 MeV. In region II, the transitions are adiabatic for low energies but non-adiabatic for high energies. The boundaries between the three regions are not sharp, due to the small dependence on the details of the density profile.
The level crossing scheme
In this section, we shall construct the level crossing scheme for three neutrinos, which describes the resonant neutrino conversions inside the supernova. The extent of the transitions is determined by the adiabaticity at each level crossing (resonance).
In the basis of flavour eigenstates (ν e , ν µ , ν τ ), the evolution of neutrinos can be desribed by a Schrödinger-like equation with the effective Hamiltonian given by
where V = Diag(V, 0, 0), and V = √ 2G F n e is the effective potential for the electron neutrinos due to their charged current interactions.
Since any rotation in the (ν µ − ν τ ) subspace does not affect the physics, it is convenient to perform a rotation of the neutrino states (ν e , ν µ , ν τ ) → (ν e , ν µ ′ , ν τ ′ ), which diagonalizes the (ν µ , ν τ ) submatrix of (16) [20] . The potential V appears only in the element H ee , and hence is not affected by this rotation. The effective Hamiltonian in this new basis is
This Hamiltonian is then in a form that does not involve the large mixing between ν µ and ν τ . Since the production or detection of supernova neutrinos does not distinguish between ν µ and ν τ , the physical consequences are not affected even if we consider ν µ ′ and ν τ ′ as the flavour eigenstates.
If
ee − 2EV |, the state ν µ ′ is almost decoupled from the other two. The situation then reduces to the two-neutrino mixing between ν e and ν τ ′ .
Similarly, if m
ee −2EV |, the state ν τ ′ is almost decoupled from the other two and the situation reduces to the two-neutrino mixing between ν e and ν µ ′ .
The diagonal elements of the Hamiltonian (17), H ii (i = e, µ ′ , τ ′ ), determine the energies of the flavour levels shown by the dotted lines in the level crossing diagrams (Fig. 2) . The crossing of these levels indicates a resonance, which occurs at the corresponding matter density ρ = n e m N /Y e . Let the two resonances be called as H (higher) and L (lower) as shown in the figure, and let the corresponding resonance densities be ρ H and ρ L respectively. The solid lines represent the eigenvalues of the Hamiltonian (17) . In the case of antineutrinos, The effective potential V for theν e has the opposite sign : V = − √ 2G F n e . The antineutrinos can then be represented on the same level crossing diagram, as neutrinos travelling through matter with "effectively" negative n e . The half-plane with positive values of n e then describes neutrinos and the half-plane with negative values of n e describes antineutrinos.
The neutrinos (antineutrinos) are produced inside a supernova in regions of high matter density, which are represented by the extreme right (left) ends of the n e axis. On their way towards the earth, they travel through a medium with almost monotonically decreasing density, towards n e = 0 where both neutrinos and antineutrinos have vanishing effective potentials.
The neutrino transitions
Let us now analyze the neutrino transitions using the level crossing scheme consisting of two resonances, H and L. In the case of the SMA and LMA solutions, both these resonances are operative. For the bimaximal mixing (vacuum oscillations) solution, the ν e − ν 2 mixing takes place in vacuum and there is no matter induced resonance.
Neutrinos are produced in the region with high electron densities (ρ ≫ ρ H , ρ L ) where all the mixings are strongly suppressed:
where θ m is the mixing angle in the matter with density ρ. In the neutrino production region, ρ > ∼ 10 10 g/cc. Since ρ res < ∼ 10 4 g/cc, the effective mixing angle is suppressed by more than six orders of magnitude. Then the flavour states (ν e , ν µ ′ , ν τ ′ ) coincide with the eigenstates in the medium :
Let the original fluxes of neutrino eigenstates in the medium be F respectively.
Till the neutrinos reach the H-resonance layer, where the ν e − ν 3 mixing becomes strong, there are no significant flavour transitions.
In the H-resonance layer, the level crossing ν e − ν τ ′ takes place. Let the flip probability during this level crossing be P H . The third neutrino, ν µ ′ , is decoupled during this transition.
The level crossing H is characterized by ∆m 
The effective mixing parameter sin 2 2θ e3 is restricted by the reactor experiments (CHOOZ [21] ) to sin 2 2θ e3 ≤ 0.2 for ∆m 2 ≥ 10 −3 eV 2 (See fig. 1 ). The width of the resonance layer is then ∆ρ ≈ ρ tan 2θ ≤ 0.5ρ.
The L-resonance depends on the ∆m 2 and the mixing angle corresponding to the solution of the solar neutrino data. Its description then depends on the particular solution under consideration. We assume that the two resonances are well separated and the transitions in the resonance layers occur independently.
After passing through the H-resonance layer and before entering the Lresonance layer, ν 1m = ν µ ′ , ν 2m = ν e , ν 3m = ν τ ′ . Let the fluxes of neutrino matter eigenstates in this region be
In the L-resonance layer, the level crossing ν e − ν µ ′ takes place. Let the flip probability during this level crossing be P L . The third neutrino, ν τ ′ , is decoupled during this transition.
After passing through the L-resonance layer, the neutrinos arrive at the surface of the star as the mass eigenstates: ν im = ν i . The fluxes of neutrino mass eigenstates arriving at the surface of the star are
The neutrino mass eigenstates travel through the interstellar medium to arrive at the surface of the earth. Any coherence between the mass eigenstates is lost on the way to the earth. The final fluxes at the earth are the same as the fluxes at the surface of the star. We can rewrite them (23) as
The net flux of electron neutrinos at the earth can be then written as
The final electron neutrino flux reaching the earth can thus always be written as
where
This is a consequence of two facts: (1) one of the neutrinos is decoupled at each of the transitions, and (2) the original fluxes of ν µ ′ and ν τ ′ are identical.
The original total flux of ν e , ν µ , ν τ is F 0 e + 2F 0 x . Using the conservation of probability, the combined flux of ν µ and ν τ at the earth is
There are no level crossings in the antineutrino channels. The antineutrino transitions can then be taken to be adiabatic. The small mixing angle θ e3 is further suppressed in the medium. So theν e ↔ν 3 transitions are negligible. Since the neutrino transitions now reduce to the two neutrino mixing case, the finalν e flux may be written as
where q is the net survival probability of theν e . In the highly dense production region,ν 1m =ν e . The stateν 1m propagates adiabatically and arrives at the earth as the mass eigenstateν 1 . The net survival probability ofν e is then
Let Fμ +τ be the combined flux ofν µ andν τ . From (31),
The net flux of the non-electron neutrinos (including antineutrinos) is
The earth matter effects
The neutrinos may have to travel through the earth before reaching the detector. The matter effects due to the earth need to be considered in that case.
In this section, we analyze the effect of the earth on the neutrino fluxes at the detector.
For
which is much smaller than the radius of the earth. The oscillations then get averaged out. The effects of ν 3 mixing inside the earth are thus of the order of s 2 3 /2 ≤ 2.5%. To a first approximation, then, the state ν 3 can be considered to be decoupled from the other two inside the earth, so that only the two neutrino oscillations ν 1 ↔ ν 2 take place inside the earth. Let us study the earth matter effects in this approximation.
Let P ie be the probability that a mass eigenstate ν i entering the earth reaches the detector as a ν e . The values of P 1e and P 2e depend on the distance L travelled inside the earth.
Since the mixing is mainly between two neutrinos, i P ie ≈ 1. The net flux of ν e at the detector is
Thus, the ν e flux at the detector can always be written as
The difference in the ν e fluxes at the detector due to the earth matter effect is thus
The earth matter effect can then be quantified by the parameter ∆p:
Using (25), we can write
The earth matter effect in the above form may be looked upon as the earth matter effect due to the ν 1 ↔ ν 2 mixing,
modified by a factor of P H due to the mixing of the third neutrino, if we neglect terms proportional to s 2 3 . The earth matter effects in the case of two neutrino mixing have been calculated (in the context of solar neutrinos) in [22] . The three neutrino mixing considered here reduces to that in the limit of P H → 1, i.e. when the H-resonance is non-adiabatic.
The nonzero value of P H suppresses the earth effects. If the H-resonance is completely adiabatic, the earth matter effect vanishes. The mixing of the third neutrino thus plays a major role, making the expected earth effects in the case of supernova neutrinos smaller than those expected in the case of solar neutrinos.
The earth effect can be observed through the difference in the neutrino spectra observed at two different detectors. The neutrinos may have travelled different distances and encountered different density profiles in order to reach the detectors. Since the direction of the supernova will be known (either through the optical signal or even through the observation of only neutrinos [12] ), P 2e and P L can be determined given a mixing scheme. The measured value of ∆p, if significant, can be used to constrain P H from below, or equivalently, to constrain s 3 from above.
In the next three sections, we shall construct the level crossing schemes for the neutrino mass spectra corresponding to the solutions of the solar and atmospheric anomalies and examine their distinctive features.
The small mixing angle MSW solution
The solar and atmospheric neutrino anomalies can be explained by the following hierarchical mass spectrum :
ν µ and ν τ mix strongly in the mass eigenstates ν 2 and ν 3 . The electron flavor is weakly mixed: it is mainly in ν 1 with small admixtures in the heavy states (see Fig. 3 ). The solar neutrino data is explained via ν e → ν 2 resonance conversion inside the sun (the small mixing angle MSW solution: sin 2 θ e2 ∼ 2 × 10 −3 − 10 −2 ). We shall refer to this scheme as SMA. In all the schemes which explain the solar and atmospheric data with three neutrino mixing, There is no explanation of the LSND result. With the hierarchical mass spectrum as in (43), the contribution to the Hot Dark Matter component of the universe is small: Ω ν < 0.01. A modification of the scheme is possible in which all three neutrinos have approximately the same mass m 0 (almost degenerate) but with the same ∆m 2 and mixings as before. This does not change the neutrino oscillations, and neutrinos can give a significant (Ω ν ∼ 0.1) contribution to the HDM.
In the case of the SMA solution, since the ν e dominates in one of the mass eigenstates, the effective Majorana mass relevant for the neutrinoless double beta decay is about m 0 . Searches of the ββ 0ν decay give a crucial check of this version [23] .
Let us consider the neutrino transitions using the level crossing scheme in Fig. 4 .
The level crossing H is as described in Sec. 3.1. It occurs at densities of ρ ∼ 10 3 g/cc. The level crossing L is characterized by ∆m 2 ≈ 5 × 10 −6 eV 2 . It occurs at matter densities of a few g/cc.
The mixing angle corresponds to the small mixing angle MSW solution: sin 2 2θ e2 ≈ 2 × 10 −3 − 10 −2 . There are no level crossings in the antineutrino channels, and both the vacuum mixing angles θ e2 and θ e3 are small. Therefore, the fluxes of the antineutrinos are practically unaffected: the net survival probability of thē ν e is q = c The neutrino fluxes arriving at the earth are (See sec. 3.1)
where the net survival probabability p of electron neutrinos is as given in (29).
In the case of adiabatic conversions at both H and L resonances, P H ≈ P L ≈ 0, so that p ≈ s 
The neutrino spectra then have the following features:
• The neutronization ν e peak almost disappears (suppressed by s 2 3 ≤ 5%). Instead one would expect ν x neutronization peak which may be detected by the neutral current interactions.
• The antineutrino signal is unchanged.
• The ν e has the hard spectrum of F 0 x . Then E νe > Eν e , which is a clear signal of mixing.
• The ν x spectrum is "composite", i.e. it will contain both the soft (original ν e ) and the hard (original ν x ) components.
As long as θ e3 lies in region I, the H-resonance transition is adiabatic, so that P H ≈ 0. Then p ≈ s If θ e3 lies in region II or III, s
The features of the spectra are then the same as those described above.
Thus, as long as one of the two transitions (at H or L resonance) is adiabatic, the effects of non-adiabaticity in the other transition are not observable.
Let us now consider the case when sin 2 2θ e2 < 5 × 10 −2 , i.e. the Lresonance transitions are non-adiabatic.
If the transitions at the H-resonance lie in the region III, p ≈ 1. The final spectra are then the same as the initial spectra. The features of the spectra are: • neutronization peak in the ν e channel, • "pure" spectra of ν e ,ν e and ν x , with increasing average energies.
Region II is the transition region between the regions I and III. The H-transition here is (relatively) adiabatic for the lower energies and nonadiabatic for the higher ones. This means that p is higher at higher energies. The energy dependence of P f . The x-axis is energy, scaled such that the transition region (between P f = 0 and P f = 1) is visible.
The dependence of P f on the neutrino energy is, however, weak, as can be seen from Fig. 5 . Even in the steepest part of the transition region, the change of an order or magnitude in energy changes P f by less than 0.45. The variation of p across the range of neutrino energies is then not significant, and the distortion of the spectrum due to this energy dependence is hard to observe. Only the average value of p can be measured.
The features of the spectra are then
• the neutronization peak is distributed in both, ν e and ν x .
• The ν e and ν x spectra are composite.
• Theν e spectrum is unchanged.
The large mixing angle MSW solution
The solar and atmospheric neutrino anomalies can also be explained with three neutrinos with the hierarchical mass spectrum
and with a large vacuum mixing angle between ν e and ν 2 (sin 2 2θ e2 ≈ 0.7 − 0.95). The solar neutrino data is then explained via ν e → ν 2 resonant conversion inside the sun. We shall refer to this scenario as LMA. The level crossing scheme can be constructed in terms of the basis (ν e , ν µ ′ , ν τ ′ ) (Fig. 7) . The level crossing H is the same as described in Sec. 3.1: it occurs at matter densities of ρ H ∼ 10 3 g/cc. The level crossing L is characterized by the mass squared difference ∆m 2 ≈ (2−10)×10 −5 eV 2 and a mixing angle given by sin 2 2θ e2 ≈ 0.7−0.95. It occurs at matter densities of a few g/cc:
There are no level crossings in the antineutrino channels, and the small mixing angle θ e3 is further suppressed in the medium. So theν e ↔ν 3 transitions are negligible. But since the vacuum mixing angle θ e2 is large, there are significant flavour conversionsν e ↔ν 2 . The net survival probability of ν e is q = c 
where the net survival probabability p of electron neutrinos is given by (29). The net survival probability ofν e does not depend on the adiabaticity at any resonance, so the separation of Fē into its original components, F Since the L-resonance is adiabatic (Fig. 1) , P L ≈ 0 and
If the H-resonance is also completely adiabatic (region I), P H ≈ 0 and p ≈ s 
The following features are then observed in the neutrino spectra:
• The neutronization peak almost disappears from the ν e channel (suppressed by a factor of s 2 3 < ∼ 0.05) and appears in the ν x channel.
• Theν e spectrum is composite : it consists of 60-80 % of the originalν e spectrum and 20-40 % of the original harder ν x spectrum.
• The ν e spectrum is hard, almost equal to the original ν x spectrum.
• The ν x spectrum contains components of all the three original spectra (ν e ,ν e , ν x ).
If the H-resonance lies in region III (sin 2 θ e3 < ∼ 10 −4÷−5 ), then P H ≈ 1 and p ≈ c • The neutronization peak is observed in both, ν e and ν x channels. The ratio of number of events in these two channels is between 0.25 -0.7.
• Theν e spectrum is composite : 60-80% of the originalν e and 20-40% of the original ν x spectrum.
• The ν e spectrum is composite : 20-40% of the original ν e and 60-80 % of the original ν x spectrum.
Region II is the transition region between regions I and III. p takes values between s 
The bimaximal mixing scheme
The vacuum oscillation solution to the solar neutrino anomaly corresponds to the following mass pattern:
ν e is almost maximally mixed with the heavier states. Let us consider the extreme case, where both the ν µ − ν τ and ν e − ν 2 mixings are maximal. This scenario is the "bimaximal" mixing. This scheme has been elaborated in [24] .
In the bimaximal mixing, ν µ and ν τ mix maximally in
√ 2 strongly mixes with ν e so that the mass eigenstates ν 1 and ν 2 are
In the "strict" bimaximal case, there is no admixture of ν e in ν 3 . Then
In this scheme, the solar neutrino problem can be solved via ν e ↔ ν µ ′ "just-so" vacuum oscillations. The level crossing scheme can be constructed as shown in Fig. 9 . There is no matter induced resonance. The state ν τ ′ (ν τ ′ ) is completely decoupled from the others. The states ν e and ν µ ′ (ν e andν µ ′ ) mix maximally in vacuum. The mass eigenstates ν 1 and ν 2 (ν 1 andν 2 ) reaching the earth are observed with equal probability as electron or non-electron neutrinos (similarly for the antineutrinos).
The observed fluxes are then
The neutrino spectra are affected in the following way:
• The neutronization peak consists of equal fractions of electron and nonelectron neutrinos.
• Theν e -spectrum is "composite", it has both the soft and the hard components in equal proportions.
• The ν e -spectrum is also composite with both the soft and the hard components in equal portions. This spectrum has the same shape as theν e spectrum at high energies, but has a lower average energy.
• The ν x spectrum has a mixture of all the three initial spectra. The level crossing pattern of the "strict" bi-maximal mixing scheme with no admixture of the ν e in the heavy state.
The "almost" bimaximal scenario
The above analysis holds for a "strict" bimaximal scheme, where ν e and ν τ ′ are completely decoupled, i.e. the admixture of ν e in the heavy state ν 3 is zero. This need not be the case. In fact, the excess of e-like events in the atmospheric neutrino case, if confirmed, will be an indication of |U e3 | = s 2 3 = 0. We shall call this scenario as the "almost bimaximal" one. The mass spectrum is the same as in the strict bimaximal case (Fig. 8) , the non-zero |U e3 | 2 admixture should be represented by a small hashed part in the ν 3 (the heaviest neutrino) box.
Due to the ν e − ν τ ′ mixing, the level crossing pattern changes (Fig. 10) . The H-resonance is now operative. This is the only matter-induced resonance in this scheme.
After passing through the H-resonance, the neutrino mass eigenstates are
From (22), the fluxes of neutrino mass eigenstates after passing the Hresonance are
The states ν e and ν µ ′ mix maximally in vacuum. The states reaching the earth are the mass eigenstates ν 1 and ν 2 (ν 1 andν 2 ), which are observed with equal probability as electron or non-electron neutrinos.
In the case of antineutrinos, there is no matter-induced level crossing, but ν e andν µ ′ mix maximally in vacuum. The final fluxes at the earth are
The H-transition is completely adiabatic if θ e3 lies in region I (sin 2 2θ e3 ≥ 10 −3 ). In this case, p ≈ s • The neutronization ν e peak disappears completely (in contrast with the strict bimaximal case) The peak now appears in the ν x channel.
• Theν e -spectrum is composite, it has both the soft and the hard component in equal portions (as in the strict bimaximal case).
• The ν e has the complete hard spectrum F 0 x , the average energy of this spectrum is thus expected to be higher than that of theν e spectrum.
• The ν x spectrum is a mixture of all the three initial spectra.
The strict bimaximal case is the limit of the almost bimaximal scenario as s 2 3 → 0 (Region III in Fig. 1 ). Since the strict bimaximal case and the almost-bimaximal case with adiabaticity have some qualitatively different features (as noted above), it is clear that The spectra are sensitive to the value of s Since only one matter induced resonance, H, is involved in this scheme, the final ν e spectrum depends only on the characteristics of the H-resonance. The net electron survival probability is (55):
Depending on the adiabaticity at the resonance H, the value of p varies from p ≈ s 2 3 to p ≈ 1/2. Since the variation of P H (and hence that of p) with energy is small, the energy-averaged value of p can be taken from the observed spectrum. This, in turn, can be used to determine the value of s The resonance occurs at matter densities of ∼ 10 3 g/cc. All the characteristics of this resonance -the ∆m 2 , the resonance density, the adiabaticity conditions -are the same as those of the resonance H considered in the conventional hierarchy. Let the flip probability at this resonance be P Y .
The X-resonance has the same characteristics as the resonance L considered in the conventional hierarchy. Let the flip probability at this resonance be P X .
Since the level crossings are in different channels (one in neutrinos and the other in antineutrinos) which are completely decoupled, they are completely independent of one another. The neutrino as well as the antineutrino oscillations can then be considered independently as a two-neutrino mixing. The final ν e andν e spectra can then always be written in terms of the net survival probabilities p and q of ν e andν e respectively:
The state ν e , produced as ν 2m in the region of high matter density inside the supernova, reaches the earth as ν 1 with the probability P X and as as ν 2 with the probability (1 − P X ). Then
The stateν e , produces asν 2m at high matter densities passes through the level crossing Y on its way. It reaches the earth as ν 1 with probability P Y and as ν 3 with probability (1 − P Y ). then
If the resonance Y is completely non-adiabatic (lies in region III), the characteristics of the final spectra in the inverted hierarchy are the same as those with the resonance H completely non-adiabatic. For very low values of the e − 3 mixing angle (s 2 3 < ∼ 10 −4 ), then the scenarios with the conventional and the inverted hierarchy are indistinguishable. For the same reason, the hierarchy is irrelevant for the final spectra in the strict bimaximal mixing scenario.
When the e − 3 mixing is sufficiently large to make the Y resonance adiabatic, signatures can be found for the inverted hierarchy that strongly differ from the signatures with the conventional hierarchy. The hierarchy can then be decided through the observations of the spectra. A characteristic feature of all the scenarios with inverted hierarchy is the strong mixing in the antineutrino channel. This implies that theν e spectrum is hard. One way to check this without knowing the mean energy of the original spectrum is to estimate the total number of neutral current events by using the observed ν e spectrum and the knowledge of cross sections. If the observed number of total neutral current events falls significantly short of this estimation, the presence of mixing in the antineutrino channel is confirmed.
The same method can be applied with the observed ν e spectrum. In the case of the inverted hierarchy, since the transitions in the neutrino channel depend only on P X and those in the antineutrino channel depend only on P Y , the two spectra give information about completely independent quantities.
Let us now examine the effects on the final ν e andν e spectra with the three solutions for the solar neutrino problem, when the Y resonance is adiabatic (lies in region I). In this case, q ≈ s 2 3 < 0.05 .
• The small mixing angle MSW:
If the transitions at the X-resonance are also adiabatic,
Thus, the spectra of both, ν e andν e are almost completely the hard spectra of the original ν x . This implies that these two final spectra are identical. This is a very distinctive feature of this particular scenario, which needs (1) inverted hierarchy (2) the small mixing angle MSW solution for the solar neutrino data and (3) adiabatic transition at both the resonances X and Y .
If the X-transitions are not adiabatic, neglecting terms proportional to the small s 2 2 , p ≈ P X . Thus, p varies between 0 and 1, depending on the adiabaticity at the X resonance.
• The large mixing angle MSW:
The transition X is always adiabatic and
The ν e spectrum is then composite, whereas theν e spectrum is almost equal to the original hard spectrum of ν x . Thus, theν e spectrum is harder than the ν e one, but both the spectra have their high energy tails extending to similar energies.
• The almost-bimaximal mixing:
The transition X is this case is the vacuum oscillations where ν e and ν µ ′ mix maximally. Then p = 1/2.
The spectrum ofν e is still harder than that of ν e , but both the spectra have their high energy tails extending to similar energies.
When the Y resonance lies in region II, (58) gives q ≈ c 2 2 P Y . Theν e spectra are then composite, the extent of admixture of the hard component depending on c 2 and P Y . If c 2 can be known independently, one would be able to determine P Y .
Let us consider the earth effects in the neutrino channel. Since there is no H-resonance here, the suppression factor of P H that appears for the earth effects in the conventional hierarchy (41) is no longer present. The earth effects in this case may be observable.
The originalν e state can reach the earth only asν 1 orν 3 . The mixing of ν 3 with any of the other two states is small, so the earth effects are present only when theν 1 −ν 2 mixing in the earth is significant. This can happen only in the case of the LMA solution. For SMA, the earth effects are expected to be very small and for the bimaximal mixing, they vanish.
Summary and Discussions
The observation of a nearby type II supernova through neutrinos is expected to give a wealth of information about the features of gravitational collapse, the supernova phenomena and the masses, propagation and mixing of neutrinos. In particular, there may be sufficient data to enable us to reconstruct the spectra of ν e andν e , and derive some information on the spectra of the non-electron neutrinos. In principle, if the original spectra are known, the observed spectra and the knowledge about the matter densities that the neutrinos encounter on the way can be used to determine the mixing parameters.
However, the original neutrino spectra depend on the models of the transport phenomena inside the star. Moreover, the neutrinos undergo resonant flavour conversions inside the star and the extent of these transitions depend on the matter densities that the neutrinos encounter on the way. Since the dynamics of the shock wave propagation are not well understood, the exact form of the matter densities encountered is also model-dependent. This makes the task of disentangling the mixing parameters harder.
It is therefore crucial to concentrate on the model independent and firmly established features of the original spectra and the neutrino flavour conversions in matter.
In all the scenarios in which the solar and atmospheric neutrino data is explained through the oscillations between the three active neutrino species, we have calculated the final neutrino spectra at the earth in terms of the original spectra of neutrinos emitted from the supernova. The neutrino flavour conversions can be described using the ν e − ν τ ′ and ν e − ν µ ′ level crossings taking place inside the star.
In all these scenarios, the neutrinos encounter their MSW resonance densities in the mantle of the star. The neutrino conversions here do not affect the dynamics of collapse or the cooling of the core. Also, the neutrinos reach the resonance regions before the shock wave, so the density profile in the resonance region static and is the same as that of the progenitor star. The details of the shock wave thus do not affect the flavour conversions predicted.
The ∆m 2 corresponding to the two level crossings differ by more than two orders or magnitude. For small mixing angles (especially with a small θ e3 ), the two resonances are well-separated. The interference between them may be neglected and each of them may be considered independently as a two-neutrino resonance. Using this, we have calculated the final neutrino fluxes with different mixing scenarios. Some of the model-independent signatures of neutrino mixing are the following:
• The neutronization peak :
If there is no neutrino mixing, the neutronization peak consists of only ν e . The ratio of charged -to -neutral current events in the first few milliseconds of the burst is a measure of this. From the knowledge of charged-and neutral-current cross sections in the detector, this ratio can be calculated in the absence of mixing. If flavour mixing transforms some ν e into ν x , this ratio gets suppressed.
The expected number of events during the burst is small and so the statistics may be limited.
• "Tail" of the spectrum:
Since ν x have the hardest (most energetic) original spectrum, the high energy part of any final spectrum gives information about the mixing of ν x in that flavour. Since the absolute values of the mean energies of the individual spectra are not well-established, observation of a single spectrum is not sufficient to arrive at any firm conclusions. However, it is established that the high energy ends ("tails") of the original ν e ,ν e and ν x spectra extend to higher and higher energies, in that order. The comparison between the tails of ν e andν e spectra can then help in extracting some model independent signatures.
If the tail of the ν e spectrum extends to significanly higher energies than that of theν e spectrum, it is a clear signal that there is a significant ν e ↔ ν x mixing, but not aν e ↔ ν x mixing. Since there is a significant ν e ↔ ν x mixing in the scenarios of the large mixing angle MSW solution and the bimaximal mixing solution, this would be an indication of the small mixing angle MSW solution.
In this case, theν e spectrum is the original spectrum. The models of neutrino transport inside the supernova can then be tested against this spectrum, since it does not have any contamination from the other species.
• Average energies of the spectra:
For the original spectra, the average energies of ν e ,ν e and ν x are in an increasing order. E νe > Eν e is then a clear sign of mixing. In addition, if the tails (high energy ends) of both the ν e andν e spectrums extend to similar energies, the mixing has taken place in both the neutrino and the antineutrino channels. This indicates the large angle MSW or the almost-bimaximal mixing solution for the solar neutrino data.
• Broadening of the spectra:
Since the average energies of the originalν e and ν x spectra may be similar, it may be difficult to distinguish between, say, aν e spectrum with an admixture of the original ν x spectrum and an originalν e spectrum with a higher energy. The ability to distinguish between these two cases is crucial.
Here one can use the pinching phenomenon: the instantaneous original neutrino spectra are expected to show a narrower energy distribution than the Fermi-Dirac one. But if there is mixing between two neutrino species with different mean energies, there is an effective broadening of the spectrum. The final spectrum need not be pinched even though the two individual original spectra were pinched. In other words, the effective η for a mixed spectrum may be negative even though the individual η i 's of the constituent spectra were positive.
If the mean energies of the original spectra are very close, the broadening may still not be sufficient to give a net "antipinched" spectrum (η < 0). But the observation of this antipinching will be a clear signal of the mixing between two neutrino species. If the instantaneous spectrum of ν e orν e is broader than the Fermi-Dirac thermal spectrum, the mixing with ν x is clearly indicated.
Note that the "pinching" phenomenon is established in a model independent manner only as long as the average energy of the neutrinos does not vary with time. A considerable variation in the average energy of neutrinos of a given species during the cooling phase could be responsible for the broadening of the time integrated spectrum even in the absence of mixing. So in order to establish the broadening due to mixing, it is crucial to consider the data only during the time during which the average neutrino energy is constant.
In conclusion, in the absence of the knowledge about the exact original neutrino spectra, only the observations of the final neutrino spectra at the earth cannot be expected to help in precise determinations of the mixing parameters. But clear signals of nonzero mixing can still be observed, as noted above.
It is possible to distinguish between different schemes of neutrino masses and mixing by just using the model independent features of the spectra. A supernova observed in the near future will, in that case, be able to tell which of the solutions to the solar neutrino problem is the right one.
Once the mixing parameters for the ν e − ν 2 resonance have been established, the final ν e spectra may be able to probe very low values of the ν e − ν 3 mixing angle.
The long baseline experiments may be able to determine the neutrino mass and mixing scheme and establish the mixing parameters even before a supernova is observed through its neutrinos. In that case, the supernova neutrino spectra can serve as independent consistency tests of the mixing pattern. In addition, the knowledge of the neutrino mixing parameters will help in reconstructing the original neutrino spectra from the observed ones. The original neutrino spectra thus constructed would then be useful in checking the models of supernovae.
